Tutorial 8 MATH2050A Mathematical Analysis I 31/10/2019

Review on Week 8

Continuous Function

The concept of a continuous function is very important in analysis. We always encounter
continuous functions since we learn Mathematics. Almost every elementary functions are
continuous. In fact, continuity of a function is crucial for us to "draw” its graph.

Recall the definition of the limit of a function:

Definition. Let ¢ be a cluster point of A C R and f : A — R be a function. The limit of
f at ¢ is L, denoted L = lim f(x) if for every € > 0, there exists 6 > 0 such that whenever

Tr—cC

O0<|r—c/<dandz € A,
|[f(x) = L <e.

Definition (c.f. Definition 5.1.1). Let c€ A CR and f: A — R be a function. f is said to
be continuous at c if for every € > 0, there exists § > 0 such that whenever |z — ¢| < ¢ and
rEA,

[f(z) = fz)] <e.

Also, f is said to be continuous on A if f is continuous at every ¢ € A.

Remark. The definition of limit and continuity is very similar, but be careful about the
requirement of the point c.

e For limit, we require c to be a cluster point of A but ¢ need not lies in A.
e For continuity, we require c to lie in A but ¢ need not be a cluster point of A.

Hence if ¢ € A and c is a cluster point in A. Then f is continuous at ¢ if and only if

f(¢) = lim f(z).

T—T

Let’s look at the following special example:
Example. Consider A = N. Then any functions f : N — R is continuous.

Proof. Let ¢ € Nand € > 0. Take 6 = 1. Then |z —¢| < § = 1 and = € N implies that x = c.
Hence

@) fe)l =0 <e.

Since € > 0 is arbitrary, it follows that f is continuous at c¢. Since ¢ € N is arbitrary, it
follows that f is continuous on N. n
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Examples

Example 1 (c.f. Example 5.1.6(a)-(e)). The following are all continuous functions on their
maximum domains of definition:

(a) The constant function fi(x) = b.
(b) The identity map fa(x) = z.

(c) The square function f3(z) = 22

(d) The reciprocal function fy(z) = 1/z.

(e) The absolute value function f5(z) = |z|.

Let show that fy is continuous on R\ {0}. Note that for any z,c # 0,

1 1
r c

1

- all]

|fa(z) — fa(c)| =

|z — .

Let ¢ # 0 and divide into two cases:
e ¢ > 0: First note that if |z — ¢| < 4¢, then 0 < ¢ <z < 3c. Hence

1

|||

1 2 1

|z —c| = —|v—c| < 5|z —¢], whenever [z —¢[ < scand x # 0.
cx c 2

Let € > 0. Take § = min{3c, %5} Then whenever |z — ¢| < 6,

1 2 2
|fa(x) = fa(c)| = m|$—c| < g|$ —c < 25 <e.

e ¢ < 0: Similar to the above case but take § = min{—%c, %5} I leave the details.

Example 2 (c.f. Example 5.1.8(b)). Consider the function g(z) = zsin(1/z). It has limit
0 at x = 0 and hence we can define G : R — R by

o= 00

Then G is continuous on R and is called the continuous extension of g.

Proof. Observe that we have
Squeeze Theorem (c.f. 4.2.7). Let ¢ be a cluster point of A C R and f,g,h: A — R be
functions. Suppose that

f(z) <g(x) <h(z), VeeAz#c and lim f(x)=limh(z).

Tr—cC r—C

Then lim f(x) = lim g(z) = lim h(x).

Tr—cC Tr—cC T—C
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Note that since —1 < sin(1/x) <1 for x # 0,
—lzl < g(z) < o], Ve 0.
Also, lim(—|z|) = lim || = 0. It follows that lim g(z) = 0. O
z—0 z—0 x—0
Example 3 (c.f. Example 5.1.6(g)). Consider the Dirichlet’s function i : R — R defined by
1 ifze
ha) = - TTEeQ
0 ifzxéQ
Then h is not continuous on every every point ¢ € R.

Proof. Observe that we have

Sequential Criterion (c.f. 5.1.3 and 5.1.4). A function f : A — R is continuous at c € A
if and only if for every sequence (x,,) in A that converges to c, the sequence (f(x,)) converges

to f(c).

Let ¢ € R and divide into two cases:

e ¢ € Q. By the density of R\ Q in R, there is a sequence (x,,) of irrational number that
converges to c¢. Hence h(z,) = 0 for all n € N. Therefore

Tim () =170 = h(0)

It follows that h is discontinuous at c.

e ¢ ¢ Q. Then the same arguement holds but we interchange Q with R\ Q.

In any cases, h is discontinuous at c. [

Exercises

Question 1 (c.f. Section 5.1, Ex.3). Let a < b < ¢. Suppose that f is continuous on [a, b],
g is continuous on [b, ¢] and f(b) = g(b). Define h on [a, c] by

2 — f(x) if x € [a,b
") {g(m) if v €[b,c]

Prove that h is continuous at b.
Solution. Let € > 0. Since f is continuous at b, there exist 6; > 0 such that
|f(xz) — f(b)] <e, whenever |z —b| <, and x € [a, b].
Since g is continuous at b, there exist do > 0 such that
lg(x) — g(b)] <e, whenever |z —b| < dy and x € [b, c|.

Take § = min{dy, d2}. Then whenever |x — b| < § and x € [a, ¢], consider the two cases:

Prepared by Ernest Fan 3



Tutorial 8 MATH2050A Mathematical Analysis I 31/10/2019

e = € [a,b]: Then |h(z) — h(b)| = |f(z) — f(b)| < e.
e z € [b,c]: Then |h(z) — h(b)| = |g(x) — g(b)| < e.
In any cases, |h(xz) — h(b)| < e. Hence h is continuous at b.

Question 2 (c.f. Section 5.1, Ex.7). Let f : R — R be continuous at ¢ and let f(c) > 0.
Show that there is a § > 0 such that f(z) > 0 whenever z € (¢ — d,c + 0).

Solution. Take ¢ = f(c)/2 > 0. Since f is continuous at ¢, there exists ¢ > 0 such that

f(¢)

|f(z) = flo)] <e= W whenever |z — ¢| < 4.
Hence if x € (¢ — d,c+0), i.e., |[x — ] <9,
1 3
0 <5 fle) < fla) < 5f().

In particular, f(z) > 0.

Question 3 (c.f. Section 5.1, Ex.11). Let K > 0 and f : R — R satisfy the condition

|f(x) — fly)| < K|z —vy|, Vz,y€R.

Show that f is continuous at every point ¢ € R.

Solution. Let ¢ € R and € > 0. Take § = ¢/K. Then whenever |z — ¢| < 0,
|f(x) — flo)| < Kl|lr —c| < K§ =¢.

Since € > 0 is arbitrary, f is continuous at c. Since ¢ € R is arbitrary, f is continuous on R.
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